- AD-A257 950
LU

CMS Technical Summary Report #93-6

UNIVERSITY
OF WISCONSIN

SELF-SIMILAR FLUID DYNAMIC LIMITS
FOR THE BROADWELL SYSTEM

Marshall Slemrod
and
Athanasios E. Tzavaras

CENTER FOR THE
MATHEMATICAL
SCIENCES

Center for the Mathematical Sciences
University of Wisconsin—Madison

1308 W. Dayton Street ELECTE
Madison, Wisconsin 53715-1149 NOova s IQQZD

October 1992

S
(Received October 12, 1992) 92-30062’"2
AN RAIR M ﬂll

19920

Approved for public release
Distribution unlimited

Sponsored by

U.S. Army Research Office National Science Foundation
P. O. Box 12211 1800 G Street
Research Triangle Park Washington, DC 20550

North Carolina 27709

& >

It




UNIVERSITY OF WISCONSIN-MADISON
CENTER FOR THE MATHEMATICAL SCIENCES

SELF-SIMILAR FLUID DYNAMIC LIMITS
FOR THE BROADWELL SYSTEM

Marshall Slemrod! and Athanasios E. Tzavaras?

CMS Technical Summary Report #93-6

October 1992

Acousli for
©ONTIS

Ranl

. DREC 248

§ Uowigaoiine od
" Justilieatien

C
S

LAI0 QUALYTY Iy Draliwl 4 By

Distrivetien/ _
Availability Cedes

Dist

B

Special

Aveil amd/or

AMS (MOS) Subject Classifications: 76N10, 82A40

Key Words and Phrases: kinetic theory of gases, Broadwell model, Riemann problem,

fluid dynamic limit

'Research supported in part by the National Science Foundation under Grants INT-

8914473 and DMS-9006945.

2Research supported in part by the U.S. Army Research Office under Grant DAALOQ3-88-

K-0185 and the National Science Foundation under Grant DMS-9209049




SELF-SIMILAR FLUID DYNAMIC LIMITS
FOR THE BROADWELL SYSTEM

Abstract. This report discusses a new approach for the resolution of the fluid dynamic
limit for the Broadwell system of the kinetic theory of gases, appropriate in the case of
Riemann, Maxwellian data. Since the formal limiting system is expected to have self-
similar solutions, we are motivated to replace the Knudsen number ¢ in the Broadwell
model so that the resulting model admits self-similar solutions in £ = z/t and then let
¢ go to zero. The limiting procedure is justified and the resulting limit is a solution of
the Riemann problem for the fluid dynamic limit equations. A class of Riemann data for
which this program can be carried out is exhibited. Furthermore it is shown that for the
Carleman model the complete program can be done successfully for arbitrary Riemann
data.

§0. Introduction
The Broadwell system of discrete kinetic theory is given by the system of partial differ-

ential equations

% + c% =o(fafs + fsfo —2f1f2),
% - c% =0o(fsfa+ fsfo —2f1f2),
9fs
ot

+ ca—fs- =o(fife + fsfo —2f3fs),
: a (0.1)
Ff:— - ca—{; =o(fifa+ fsfo —2f3f4),
361‘;5 +c-a-f— =o(fife+ fafs —2fsfs),
_aatﬁ - 6f6 =o(fifa+ frfs —2fsfe).

The model describes a gas of particles with identical masses moving along three perpendic-
ular coordinate axes with the same speed c. Results of a particular collision have the same

probability and only binary collisions are considered. The functions f; = fi(z,y,t), ¢ =




1,...,6 denote the densities of particles moving in the six allowed directions; o/2c is the
cross section for binary collisions.
For flows which are independent of y, 2 and for which f3 = f; = fs = f¢ the above six

velocity Broadwell model reduces to the simpler form

17 17, 1
'gtl+5fi=g(f§—f1f2)
of, _op _1

S-S =<(f-ah) (0:2)

%)':3 = %g(flf2 —f;?)

L. ¢ the Knudsen number or “mean free

where for simplicity we have set ¢ =1 and ¢ = 3-;

path” of the gas. As the “mean free path” is the distance between successive collisions, a
small mean free path means the gas becomes less rarefied and a “macroscropic” description
of the gas based on fluid dynamic Euler and/or Navier-Stokes equations should become
meaningful.

The problem of rigorously passing to the fluid dynamic limit has a long history. Here we
give a quick summary of relevant results. Additional references may be found in the book
of Cercignani [4] for work on the Boltzmann equation and the review paper of Platkowski
and Illner [12] with regard to research on discrete velocity models in the kinetic theory of
gases.

First within the realm of discrete velocity models the Carleman model does allow for
rigorous passage to the fluid dynamic limit. This was done in the work of Kurtz [11]. But
as the Carleman model does not conserve momentum it is perhaps a poor test case.

For the Broadwell model the basic result is due to Broadwell himself [1]. One begins by
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rewriting the system (0.2) as

2 hithtaR)+ o (fi-f)=0,

%(fl -f2)+aix(f1 + f2) =0, (0.3)

17
% L hh- £,

Next one makes the ansatz of travelling wave solutions f; = fi1(8),f2 = f2(0), f3 =
f3(8), 6 = =% where s will be the speed of the wave. Substitution of this ansatz into

(0.3) yields the system of ordinary differential equations
=s(fi+ f2+4f) +(i - f2) =0,
-s(fi=foi) + (L + f2) =0, (0.4)
—sf; = %(flfz - f3)-

We pose downstream and upstream positive, constant data (f;, f2, f3) — ( fli, fff, f;t)
as ¢ — *oo which of course is consistent with (0.4) if and only if the data are Maxwellians,
ie. fEf = fF?. Since s is a constant (0.4);, (0.4); may be integrated from —oo to 6 to

yield:
—s(fi+ a+4fs)+(A—-f)=-s(fi +f; +4f3)+(fi —f2),

=s(fi—-fo)+(i+ fo)=—s(f7 - )+ (fi +f7)-
These two equations determine f;, f; as functions of f3(6) and s. Substitution of these
functions into (0.4); will yield an autonomous scalar ordinary differential equation for f3
with precisely two equilibrium points at fif = (f fzi)l/ 2, Since such boundary value
problems must possess solutions it follows that a travelling wave solution exists. The value
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of s is found by integrating (0.4) from —oo to +oc:

~s(ff + £ HAUTEDOV) + (fF - £)
= —s(f7 + f7 +4UTSIE) + U - £D), (0.5)
=s(ff =)+ + ) =—s(fT = F)+ (T + f2),

and solving the system (0.5) for s. These are just the Rankine-Hugoniot jump conditions.

Once the existence of a travelling wave is established, we let ¢ — 0+ and obtain

(Fuoforfs) = (F0 57 T FM2) i 2 < sty (RS (R FEV?) i 2 > st

The limit function is a weak solution of the limiting fluid dynamic conservation laws

’(%(fl-i'fz +4(f1f2)1/2)+(—%(f1—f2)=0, 06)

%(fl - f2)+ %(fl + f2)=0.
This is because the limit function is piecewise constant possessing a jump discontinuity
across the shock r = st and across r = st the limit function satisfies the jump condition
(0.5). In fact the limit function is a solution to the Riemann prodlem (0.6) with piecewise
constant initial data |

fi=f{(x<0), fi=f(=z>0);
(0.7)

L=f(z<0), fi=f(z>0).

Here we have used the usual definition of weak solution: a pair of bounded measurable
functions f), f2 on (—o0,00) x [0, 00) is called @ weak solution of the Riemann initial value

problem (0.6), (0.7) provided that
loo/;:(fx + f2 + 4(f1f2)'?) ‘aa% +(fi — f2) g—lfd:rdt =0,
/ow[.Z(fl - fz)%% +(fi + f2) g—fdxdt =0,
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for all C* functions ¢, ¥ with compact support in ¢ > 0, —c0 < z < oo and

. f;", z>0
thlgl+fj(z’t)={ T z<0

Introduction of the macroscopic variables p = f; + 4(f1 f2)!/? + fa, pu = fi — f2 shows

that the fluid limit equations (0.6), (0.7) can be written in the form of the Euler equations

7/ 0
-éte + 5{;(!’“) =0,
(0.8)
2 (o) + Z(oaw) = 0
5 (P1) + 5-(pg(u)) = 0,
with g(u) := %[2(1 + 3u?)t/? — 1] and Riemann initial data
p=p"(z<0), p=p*(z>0);
pu=p u~ (z <0), pu=ptut(z > 0);
(0.9)

p* = fEHAER) P+ fF
pru i = fif ~ f.

It should be noted that the Boltzmann equation also possesses a travelling wave solution
for Maxwellian data which are close (Caflisch and Nicolaenko [2]). The data in [2] must also
be consistent with relevant fluid dynamic jump conditions which are the Rankine-Hugoniot
jump conditions for a shock wave in an ideal fluid.

In summary we see for Riemann data satisfying the Rankine-Hugoniot jump conditions
associated with the fluid dynamic limit equations (0.6) (or equivalently (0.8)) passage to
the fluid dynamic limit for the Broadwell model can be achieved (and with a smallness

assumption on the variation of the data for the Boltzmann equation also).
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What can be said regarding the fluid dynamic limit for arbitrary data or for that matter

even the more restricted case of arbitrary Riemann data?

For the case of smooth data Inoue and Nishida [10] have shown that one can pass to the
fluid dynamic limit for the Broadwell system on a sufficiently small time interval to yield
a smooth solution of the fluid dynamic limit equations. They show compactness of the
parametrized sequence {ff, f5, f5 } s;cl;tisfylng the Broadwell system in a space that allows
passage to the fluid dynamic limit. This result does not cover the case when the solutions

of the limit equations have shocks.

In a work of complementary nature concerning again solutions without shocks, Caflisch
and Papanicolaou [3] show that a given smooth solution to the limit equations can be
approzimated by a solution to the Broadwell system when ¢ is small. The approzimation
program was recently carried out at the level of solutions with shocks by Xin [15]. He shows
that given a piecewise smooth solution (with finitely many noninteracting shocks) of the
fluid dynamic-limit equations, there exist solutions to the Broadwell system which converge
asymptotically to the fluid dynamical solution as ¢ — 0+. Conceptually the approzimation
program presupposes knowledge of a smooth solution in [3] or an admissible solution in [15]
to the underlying limit conservation laws (0.6) and is intended as a method to solve the
Broadwell system (0.2) based on solutions to (0.6). By contrast the compactness method

attempts to construct solutions of (0.6) as limits of solutions of (0.2).

In the research discussed here we continue in the spirit of the compactness issue. The
goal is to extend the success of Broadwell’s original travelling wave idea to more general
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Riemann data, not necessarily consistent with the Rankine-Hugoniot jump conditions. The
idea is based on the following observation: Any system of conservation laws

OF(U) + aG(U)
ot dr

0,

U:(=00,0) x (0,00) > RN, F,G:IRY - RV, with Riemann data

U-, <0
U(:z:,O):{U+ 250 (0.10)

must possess space-time dilation invariance: For any positive constant a > 0, the change
of variable (z,t) — (az,at) preserves both the equations and the initial data. Hence
solutions of Riemann problems are expected to depend only on the similarity variable
§ = %, that is U(z,t) = U(§).

For example, if one was attempting to solve the Riemann problem for a system of

conservation laws by the artificial viscosity method

OF(U) + oG(U) _eazU
ot 9z = 9z

(0.11)
one might first consider substitution of the ansatz U(z,t) = U(€) into (0.11). But unfortu-
nately (0.11) does not possess space-time dilational invariance. For this reason Dafermos

5] suggested a new type of “viscous” limit problem
p

OF(U) , 9G(U) _ 0V

ot Or oz? (0.12)

which does possess space-time dilation invariance. Substitution of U(z,t) = U(£) into

(0.12) yields the system of ordinary differential equations

—§F(U6) +GU(©§) = eU” (0.13)
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and (0.10) implies boundary conditions

U(-c0)=U", U(+o0) =UT. (0.14)

In papers [5], [6] Dafermos and DiPerna showed that for N = 2 a large class of Rie-
mann problems for hyperbolic conservation laws may be solved as limits of solutions of
(0.13), (0.14) as ¢ — 0+. The program has been continued in the work of Slemrod [13],
Fan [8], and Slemrod and Tzavaras [14].

In the same spirit we easily recognize that the Broadwell system does not possess space-

time dilational invariance. Hence we are motivated to consider an artificial Broadwell

system
O 1 Y Y
%h % m-nm, (0.15)
O o i £,

which does possess the desired space-time dilational invariance. (Of course the same obser-
vation is true for the Boltzmann equation and any of the standard discrete velocity models
in the kinetic theory of gases.)

We make the ansatz fi(z,t) = fi(€), fa(2,8) = fal€), flz,t) = f3(€), with € = £,
and substitute into (0.15) to obtain the system of non-autonomous ordinary differential

equations

—(E-1Dfi(&) = (f5 - Aif2)/e,
—(E+1)f(8) = (f5 = frf2)le, (0.16)

—£fy = (fif2— f3)/2¢.
8




Henceforth, we will use the notation f = (fi, f2, f3 )-

Since we wish fj(z,t) — ff for £ = 0 as t — 0+ we impose boundary data
f(=0) = f~, f(+o0) = f*,j=1,2,3 (0.17)

where f~ = (f{, f, f) and f+ = (f, £, f) are Maxwellian states: fif fff = fif2.
System (0.16), (0.17) is considerably harder to analyze than system (0.4) obtained from
the travelling wave ansatz. The reasons are obvious: (i) (0.16) is non-autonomous in the
similarity variable € and (ii) (0.16) does Lot possess any first integrals that allow to reduce
the number of dependent variables. It does however posssess a simplification. Since f* are
equilibria, we must have f(£) = f~ on (—o0,—1) and f(£) = f* on (1,00). The boundary

conditions at £ = too are replaced by
f(-1)=f", f+41)=f*, (0.18)

and (0.16) need only be considered on =1 < £ < 1.

The goal now is twofold. First, to construct solutions of the boundary value problem
(0.16), (0.18) for ¢ > 0 fixed. Second, to show that as ¢ — 0+ the solutions f° have
a limit which is a weak solution to the Riemann problem (0.6), (0.7) for the fluid limit
system. Remarkably the second part of this program is easier than the first. We exhibit
here only a class of Maxwellian data f~, f* for which solutions f¢ exist to (0.16), (0.18)
for all ¢ > 0. However, for any data f* for which solutions f¢ exist for all ¢ > 0, one
can extract a convergent subsequence f¢ — f a.e. in (—00,00). The limiting function f
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is a local M~xwellian, f3 = (f; fg)l/ ? a.e., and a weak solution of the Riemann problem
(0.6), (0.7). The proof is based on total variation estimates and use of Helly’s theorem.
We note that the approach given here has some resemblance to a recent paper of F.

Golse [9]. In his paper Golse makes the self-similar ansatz for the Broadwell system

filz, ) = Fi(§)/t , j=123 (0.19)

where again £ = £. Substitution of (0.19) into (0.2) yields the system of ordinary differ-

ential equations

=6 - V)F() = (F§ - FiF2)/e,
- + V)R] = (F5 - FR)/e, (0.20)
—[ER(O) = (B F; - F})/2¢,
which differs from (0.16) in the fact that the left hand side of (0.16) has differentiation
followed by multiplication while (0.20) has the reverse. System (0.20) then has the same
property as (0.4) of possessing two first integrals. Golse exploits this property to show the
existence of a solution Fy, Fz, F3 of (0.20) analytic on —1 < £ < 1. The importance of the
result i1s that it displays explicitly the large time O(%) behavior of a class of solutions to
the Broadwell system (0.2). The solutions fi, fa, f3 of course do not possess space-time
dilational invariance and do not appear relevant to solving the Riemann problem for the
limit fluid dynamic system (0.6), (0.7).
The paper is divided into five section after this one. Section 1 reformulates the non-
linear boundary value problem (0.16), (0.18) and provides information on the behavior of
solutions to (0.16), (0.18). Section 2 provides the main result on the fluid dynamic limit
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problem: if for fixed Maxwellian initial data f = f~ (z < 0), f = f*(z > 0)(0.16), (0.18)
possesses a solution for all values of the Knudsen number ¢ > 0 then the sequence of so-
lutions {f€(£)} of (0.16), (0.18) possesses a subsequence which converges bounded a.e. in
—00 < z < 00, t > 0 to a solution of the fluid dynamic Riemann problem (0.6), (0.7) (or
equivalently (0.8), (0.9)). Section 3 provides a class of data for which (0.16), (0.18) does
indeed possess solutions for all values of the Knudsen number z > 0. The proof of existence
for all ¢ > 0 is based on the contraction mapping principle and a continuation argument.
Section 4 applies the program originally described for the Broadwell system to the simpler
Carleman model of the kinetic theory of gases. For the Carleman model we show that for
all Riemann, Maxwellian data the fluild dynamic limit can be achieved. Finally Section
5 provides an appendix describing the behavior of non-homogeneous singular first order

equations; this appendix is used in Sections 3 and 4.

§1. The nonlinear boundary value problem.

In this section we derive various properties of solutions to the nonlinear boundary value
problem (0.16), (0.18), which for convenience we call (P,).
Since the underlying differential equations are singular, it is worthwhile clarifying what

is meant by a solution. The weak form of (0.16) takes the form:

€2 €2
~€-DAE+ | A= [T Qs (1)
§2 2
€+ 0AIE + [ A= [ QU (1.2
3! 1 £:2
§2 = - T T .
g+ [ =5 [ QUi (13)
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for £1,€2 €[—1,1], with the notation
Q=2 -fifs O 14)

used throughout for the collision operator.
Definition. The triplet f(€) = ( f1(£), f2(€), f3(€)) defined for £e[—1,1] is a solution
of the boundary-value problem (P,.) if fi, f2, f3 e C[—1,1] satisfy the integral relations
(1.1 — 1.3) for £&;,£; €[—1,1], and the boundary conditions f;(+1) = f',j =1, 2, 3.
It follows immediately that such a solution enjoys the properties:

() ieC[-1,1), f2eCY(-L1], f3¢CY([-1,0)U(0,1]),

(ii) equations (0.16) are satisfied for —-1 < < 0and 0 < { < 1,

(ii1) the boundary conditions (0.18) are satisfied at { = -1 and { = 1.

Also, solutions of (P,) satisfy the balance of mass, balance of momentum, and entropy

production equations

~E(fi + o+ 4f) + (i = f) =0, (19)
~&(fi = £ + (i + f2) =0, (16)

~E(fi tnfy + fabnfy + 4fs tafo) + (fu tnfy = frtnfo)
= (R - AR - i), (QT)

for £€(—1,0) and £€(0,1). The last equation is obtained upon multiplying (0.16a) by
(énfy +1), (0.165) by (¢nf, +1), (0.16¢) by 4(¢n f3 + 1) and adding the resulting identities.
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The weak form of (1.5 — 1.7) reads

&2

~(fi+ 2 +H4R)NE+ (- R)IE+ A (i + f2+4f3)df =0, (1.8)
&2

6 - RIS+ (f+ R)IE+ /E (i = f2)de =0, (1.9)

—E(fitnfy + falnfo + Afstnfs)l + (fitnfy = falnfo)|E+
(1.10)
“(ntnsi + ftnfa + afatngirde = =1 [ = RS — tofs o)

§1
for €1,6¢[~1,1].

The first lemma plays a key role in the analysis, as it will provide control on the shapes
of solutions of (P,).
Lemma 1.1. Let f = (fi, f2, f3) be a continuous on [—1, 1] solution of (0.16). Then
(1) Q(f(€)) does not change sign on the intervals (—1,0) or (0,1).

(i) Q(f(-1)) = Q(f(0)) = Q(f(+1)) =0.

Proof. From (0.16) and (1.4), it follows that Q(f) satisfies the differential equation

d
d_EQ(f)=6 E+1 €E-1

By uniqueness for ordinary differential equations, if Q(f(&)) = 0 at some point £ €(—1,0)
then Q(f) vanishes on the whole interval (~1,0). The same holds on the interval (0,1),
hence (i).

In the integral relation (1.3) set {2 = £ # 0 and £, = 0. Then

£(6) = /fs(f)dr+ /Q(f(r))dr

13




Since f3(£), Q(f(§)) are continuous we let £ — 0 and find f2(0) = f3(0) + 2 Q(£(0)), i.e.

Q(f(0)) = 0. Similarly, using (1.1) and (1.2) we obtain Q(f(~1)) = Q(f(1)) =0. I

For the remainder of the section f = (fy, f2, f3) will stand for a solution of (P.) defined

on [-1,1} and corresponding to some € > 0 and positive Maxwellian data

QUfT)=Q(fY) =0, fE,ff, ff>o. (M)

The components of f enjoy the regularity : fi eC[—1,1]NC}[-1,1), f2 e C[~1,1]NC(—1, 1]

and f3 eC[-1,1]NC'([-1,0)U(0,1]). Lemma 1.1 together with the form of the equations

(0.16) impose restrictions on the shapes of the functions f;, allowing only for the following

possibilities:

C[Z

Cz:

C3Z

C4:

C5:

Q(f) >0 for ~1 < €< 0and0 < £ < 1: In this case f, is increasing on (=1,1), f2
1s decreasing on (—1,1), and f; is decreasing on (—1,0) and increasing on (0, 1).
Q(f) <0for -1 < £ <0and Q(f) >0 for 0 < £ < 1: In this case f; is decreasing
on (—1,0) and increasing on (0,1), f; is increasing on (—1,0) and decreasing on
(0,1), f3 is increasing on (-1, 1).

Q(f) <0for ~1 < £ <0and 0 < £ < 1: In this case f; is decreasing on (—1,1), f;
1s increasing on (—1,1), and f3 is increasing on (—1,0) and decreasing on (0, 1).
Q(f) > 0for ~1 <€ <0 and Q(f) <0 for 0 < £ < 1: In this case f; is increasing
on (—1,0) and decreasing on (0,1), f; is decreasing on (—1,0) and increasing on
(0,1), f3 is decreasing on (~1,1).

Q(f) =0for ~1 < £ <0 and/or Q(f) =0 for 0 < £ < 1. In this case fi, f, f3 are
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constant on the region where Q(f) = 0 and f,, f2, fs have the behavior indicated

in Cases 1 - 4 where Q(f) > 0 or Q(f) < 0.

The next lemma provides L™ and total variation bounds for solutions of (P,).

Lemma 1.2. For data satisfying (M), the fanctions fi, f;, f3 are positive on -1,1].
Moreover, f1, f2, f3 are uniformly bounded from above and below by positive constants,

and of uniformly bounded total variation on [—1,1]. The bounds depend on the data f*

and f~ but not on €.

Proof. The cases C;-Cs are analyzed separately:

C,: Here, monotonicity implies 0 < f;” < fi < ff,0< fF<fHi< fs . Since @ > 0 on

[-1,1], it follows that f; does not vanish and
O0<(fT N2 <(Af)'? < fs Smax{fy,fF}  on[-1,1].
C,: The shapes of the f;’s in this case dictate
0<fi < <fF, 0<min{fy,f;} < f2 < £(0),

f1(0) £ fi < max{f[, fi'} on [-1,1].

Thus f; and f; are positive. Lemma 1.1 part (ii) states that @ vanishes at £ = 0,
that is f1(0) f2(0) = f2(0), hence f; is also positive. Next, use the balance of total

mass obtained from (1.8)

1
~Efi+ Fa HARIEEL + (= RIEE + [ (it £+ e =0,

15




to compute the total mass
[ (fientap)de=2f7 425 405 + £).

Use again (1.8) but this time on —1 < £ < 0 to arrive at

0
£2(0) = /_ (o Fa kAR =267 =45 + HO S C,

where the constant C depends only on f* but is independent of . Since f1(0) =
f2(0)/ f2(0), we conclude that f; and f; are bounded from above and below by
positive constants depending only on the data.

Cj: Here, 0 < fi*' <AL L0 f; £ K f;’ Lemma 1.1 part (ii) implies

Q(f(0)) = 0; hence, f3(0) is bounded by (f; f3)!/? and
0 <min{fy,f} < fs <7 V2.

C4: The same argument as given in Case 2 applies here.
Cs: If f = (f1,f2,f3) is constant on either ~1 < £ < 0 or 0 < £ < 1 the monotonicity

of f in the region where f is non-constant immediately yields the desired bounds.

The above arguments show the stated uniform bounds. Since fi, f2, f3 may have at most
one maximum or minimum on [—1, 1], it follows that f = (f1, f2, f3) possesses uniformly

bounded total variation as well. =

Next, we examine the behavior of f near the singular points with the goal to estimate
the modulii of continuity of the components f;. To this end we use representation formulas
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and estimates for a singular linear ordinary differential equation that are derived in the
Appendix. Naturally, it is not expected that any Holder or derivative bounds for the f;’s
will be independent of €. To differentiate the dependences, for the rest of the section C,
will stand for constants that depend on f¥* and ¢, while constants that depend on the data
but are e-independent are denoted by C.

It was shown in Lemma 1.2 that

o<z SHEOSC Eel-1,1, j=1,2,3 (1.11)

hence, as a consequence of (0.16),

C

RO € i el-LD)
TAGIE: E—(E";—U £e(~1,1] (112)
5O < ;g £el-1,1\{0}.

Relations (1.12) provide derivative bounds away from the singular points £ = —1, 0 and 1

respectively; they are improved in the following lemma.

Lemma 1.3. Let f = (f1, f2, f3) be a solution of (P.) with € > 0, corresponding to data
satisfying (M). There is p., 1 < p. < oo, such that f}, f;, f3 are p.-integrable on [-1,1].
The exponent p, depends on the data f* and ¢, it is increasing as ¢ decreases, and there
is €0 = €o(f*) > 0 such that for € < go the exponent p. = co. Moreover, the LP<-norms

of fl, fi, fi are bounded by constants that depend on f* and ¢.

Proof. First, we work with the component f3 for £ > 0 in a neighborhood of 0. Recall
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that f3 e C[—1,1] satisfies

-£f3 +3 fsfs = —f1f2 on (0,1/2],
(1.13)

£3(0) = £1(0)£2(0) =0

With the purpose to use the results in the Appendix, note that p = f; satisfies an equation

of the form (5.1) on (0,1/2] with ¢ = %;f;; and h = ilzflfg. Hypothesis (H;) requires
$(0) = 5=f2(0) > 0
- % 3 )

which is valid in our case, and

12 £(¢) = £(0)
%/ |3—C———|d( < o (1.14)

which we proceed to show.

In the interval (0,1) either Q(f) > 0, or Q(f) < 0, or Q(f) = 0. For concreteness, the
analysis is presented for the case @ > 0. (The case Q < 0 is treated similarly while the case
Q = 0 is trivial). Note that Q > 0 implies f3 increasing, f3 > (fif2)!/? and f3 > f3(0) on

(0,1). From (1.13) we obtain the identity

1/2
£1/2) - 50 = 5 | Q(f(C))

L /1/2 (f3(()- Cfx(()fz(C)) (£(0) + VA £2(¢)) d¢,

which, together with (1.11), yields

0</1/2 f3(<)_ fl(C)fz(() dc < eC
0 ¢
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Using the fundamental theorem of calculus, (1.11) and (1.12), we deduce
1/2 _
£0) = £:(0) .

0<
0 ¢
_ /‘/2 HQ = VAQAQ 4., /‘/2 VAQ £ = VAD L) .
0 ¢ 0 ¢
_ [ ) - VA £(O) V2O A £(4) + A £(2C)
- ¢ a+ [ ( WACIIATI) i) dc
C
<eC+ _6_ .

Thus (1.14) follows and Hypothesis (H;) is satisfied.

Observe next that (5.6) reads in the case of (1.13):

2es

[£2(8) = £2(0)] + f3(0) gf3(0/2e /61/2 (M) s=f3(0)/2¢ Lw()=wls) g

= [£3(1/2) = f3(0)] (26) (/3¢ (=172

+ £fa(@/2¢ /1/2 f1(s)fa(s) = £1(0)f2(0) __fo(0)/2¢ yuie)—w(a) 4 (1.15)
2¢s
E =3

where

£ -
w(§) —w(s) =/’ _____fs(C)zecfs(O) d¢.

The two first terms in (1.15) have the same sign. Thus using (1.15), together with (1.11),

(1.12) and (1.14), we find

1/2
0 < fa(€) — f3(0) < C, £PO/2 4 ¢, ¢fs(0)/2e / s—Fa(0)/2e g
¢

< {ce(e+efs<°>/2=) if /5(0) # 2 (1.16)
Sl Ce+|ng)) i £5(0) =2

Equation (1.13) implies with the help of (1.11), (1.12) and (1.16) that for £ €[0,1/2]

0< 1A = ’;f;g[(f: _BO) - (fif2 ~ Fi(0)f2(0))]

{ CelL+ Je5771) i £5(0) # 2¢ (.17
Ce (1 + |In€]) if £3(0) = 2

IN
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This improves (1.12); for £ > 0 in a neighborhood of 0. Since f3(—¢) satisfies an equation
of the form (1.13) as well, the same analysis shows that (1.17) in fact holds in a full
neighborhood of 0 and ultimately,. upon combining with (1.12);, for £e[~1,1]. From

(1.17) we estimate the LP-norm of f; on the interval [—1,1]
(i) If f3(0) > 2¢ then ||fi]lL> < C..
(ii) If f3(0) < 2¢ then for p. < 1/(1 — £2) we have ||f}||1s. < C..

Next we turn to the component f;. If we set p(§) = f1(1—¢) then p satisfies an equation
of the form (5.1)
/ 1 1 2
~6p(©) + 201 - PO = 21~ 8) on (0,1/2],
p(0) = fif = f2(1)/ f2(1)
Hypotheses (Hy — H,) are satisfied with 8 = 4 = 1 and (5.12), (5.16) together with (1.11),
(1.12) yield
i 1 . +
1£1(&)] < { Cll+1-g=7Y) i fy #e for te[-1,1] (1.18)
C.(+|ln(1-¢)) ifff=e¢ _
In turn, (1.18) implies that ||f{||zse < C. for p. = oo in case f; > ¢, and for any
pe < 1/(1 - -fft) in case ;’ <e.
Finally, a similar argument, working with the function p(¢) = fo(—1 + &), shows that
Cl+|l+€62-1) if fr
1fe) < § CeH L) W fi #e for £e[-1,1] (1.19)
C.(1+|ln(1+8)]) iffi =€
and that ||f;]|zse < C, for p, = oo in case f{” > ¢, and for any p. < 1/(1 ~ I{—) in case

fi <e
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We emphasize that for ¢ < min{f;", f;7, f3(0)/2} the derivatives f}(£) are uniformly
bounded on [~1,1]. Since f3(0) is bounded from below by (1.11), there is a threshold
€0 > 0 (depending only on f*) so that for ¢ < o the norms ||f}||z= < C,, j = 1,2, 3.

Naturally, the bounds blow upase — 0. g

A useful consequence of the derivative bounds, the Sobolev-type inequality

€ 1
1£©) = £ =] /C fi(s)ds | < IIfillese [€ = CIP

and Lemma 1.2 is the following corollary:

Corollary 1.4. The functions f,, f2, f3 are Holder continuous with exponent a. = 1— pl‘
(a. = 1if p. = 00). Moreover, the a.-Hélder norms of f1, f2, f3 are bounded by constants

depending on f* and e.
We close this section with a compactness lemma.

Lemma 1.5. Let ¢ > 0 be fixed and let {f*} = { (f¥, f¥, f¥)} be a sequence of solutions
to the nonlinear boundary value problem (P,) taking on Maxwellian data fxF at £ = 1.
Assume the data are uniformly bounded from above and below independently of k, i.e.
there exist constants 0 < §, M < oo so that § < f+¥, f=% < M. Then there exist a
subsequence {f '} of {f*} and a continuous function f, such that f¥ = f uniformly on

[-1,1], and f satisfies (P.) and admits positive Maxwellian boundary data.

Proof. From Corollary 1.4 we see that for each fixed j the sequences { fJ" }x>1 lie in
bounded sets of C®[—1,1]. Since on [—1,1] the embedding C* — C? (B < a) is compact,
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there is a subsequence {f*'} and functions f; e C such that ff' — f; in CA. In particular,
ff:"' — f;’: and since the data of the sequence correspond to positive Maxwellians, the
boundary values f(£1) = f* will be positive Maxwellians as well. Passing to the limit
k' — oo in (1.1-1.3) we see that f is a solution of (P.) (in the sense of the definition) and

thus enjoys all the additional regularity properties that were proved in this section. g

§2. The fluid dynamic limit.

Let f* be fixed positive Maxwellians and let {f¢}.>¢ be a family of solutions of (P.)
admitting f¥ as boundary data. The members of the family are extended to the whole real
line, by setting f¢(£) = f~ for £ < —1 and fé(§) = f* for £ > 1. The extended functions
are again denoted by f¢. In this section we show that the family of the extended functions
possesses a subsequence {f~} with €, — 0 which converges pointwise to a solution f of

the fluid dynamic Riemann problem.

Theorem 2.1. Let {f¢}.>0 be a family of solutions of (P.) corresponding to data f*
satisfying (M). There ezists a subsequence {f*"} with e, — 0 ¢‘md a positive, bounded
function f of bounded variation such that f*» — f pointwise on the reals. The function f
is @ local Mazwellian, that is fZ = fif; for a.e. £, and satisfies the balance of mass and

momentum equations
—e Lt A + L - f) =0 (2.1)
dE 1 2 1J2 df 1 2] — 3 .
—ed%(f, —f)+ {E(fl +h) =0, (2.2)

in the sense of distributions and in the sense of measures.

22




Proof. Since Q(f*) = 0 the functions f* satisfy the equations (1.1-1.3) for any &;,&; in
the reals. Lemma 1.2 in conjunction with Helly’s theorem implies that {f¢} possesses a
subsequence {f°"} with ¢, — 0 which converges pointwise on [—1,1] to a function f =
(f1, f2, f3) with positive, bounded components of bounded variation. The functions f~
admit constant values f¥ outside [—1,1]; therefore, first f*» — f pointwise on (—o0, o0),

and second f(§) = f~ for £ < -1l and f(§) = f* for £ > 1.

Let now £;,£2¢[—1,1]. Equation (1.10) for the functions f», with the help of the
inequality

(a —b)(Cna — tnb) > 4(a'/2 = b'/2?, @, b>0,

and the uniform bounds (1.11), gives
£ 2 €n 2 &n f€
_5nCS_ (f;“ "flcn ;")(fn 3" —Enfl" 2n)d€
&
&2
S_4 (f;n_(flzn 2¢n)l/2)2d€50'
3
Passing to the limit ¢, — 0, we find from the dominated convergence theorem
& 1/242
(fs = (fif2)'/*)dg =0 (2.3)
&

and thus f3 = (fi f2)'/? a.e. in [-1,1].

Let ¢(£) be a C* function with compact support in (—o0,00). Equation (1.5) gives
bt !
n En !
[t 4 g a5 E0) - U - PO dE =0,
-—00
Letting £, — 0 and using once again the dominated convergence theorem, we obtain

/ T+ fa + 4R SV (E0()) - (i — f2) ' (€)dE = 0. (2.4)
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Thus (2.1) holds in the sense of distributions and, because f, f, are of bounded variation,
it also holds in the sense of measures. Passing to the limit ¢, — 0 in (1.6), we show (2.2)

and complete the proof. g

With f,, f, as above, define
REn=h(), RB@)=A3), @e-mm)x00) (29

Clearly lim¢—o Fj(z,t) = f; for z <0, fJ'" forz > 0, j = 1, 2. Further, a solution (F, F})
of the form (2.5) is a weak solution of (0.6) on (—oco,00) x (0,00) if and only if (f1, f2) is
a weak solution of (2.1-2.2) on (- x, 00).

The equivalence follows from a transformation among test functions (Dafermos [T7]).
Indecd, let ¥(z,t) be a C*™ function with compact support on (—o0,00) x (0,00) and
define

o€ = [ et 26)
The resulting function ¢ € C*> and has compact support on (—o0, ). Conversely, any test
function ¢ may be represented in the form (2.6) by choosing ¥ = (z/t)a(t), with a(t)
a fixed C> function compactly supported in (0, 00) and satisfying f0°° a(t)tdt = 1. For
solutions of the type (2.5), the weak formulation for the first (say) equation in (0.6) takes
the form
/ooo /:(Fl + B + 4(Fi ) ) pu(z,t) + (Fi — F2)¢2(z,t) dzdt
= [T s nr ([ vt (- ([ e nea e
= [t AR (- €00 + (- RSO
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and the equivalence follows from the chain of identities.

§3. Existence theory for the nonlinear boundary value problem (P,)

The scope of this section is to develop an existence theory for the nonlinear boundary
value problem (P,), consisting of (0.16) and (0.18), for ¢ > 0 fixed. Throughout, the
boundary data f* are assumed to be positive Maxwellian states satisfying (M).

First, some convenient notation is introduced. Let

B(f) = (= fas—F1,2fs) (3.1)

and define the matrices

-f2 —fi 2fs
B(fi=|-f2 -fi 2fs (3.2)
i 3Hh —f
—-(£-1) 0 0
A= o0 —¢E+1) o . —l<é<l1. (3.3)
0 0 ¢
Then Q(f) = 3b(f) - f, and (0.16) may be written in the form
A©f = 5-BU)f - (34)

Next, let £ = (Fy, F3, F3) be a given solution of (P.) defined on [-1,1] and taking
boundary values F(£1) = F* positive Maxwellian states. The analysis in Section 1 implies
that the functions F; are Holder continuous with exponent a,; moreover, for € < go(F'¥)

they are Lipschitz continuous. Any nearby solution f can be written as

f=F+p,
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with p = (p1,p2,p3) a perturbation. Since

Q(f) = QF +p) = Q(F) +5F)-p+Qp), (3.5)

p is a continuous function on [—1,1] that satisfies the equations
AP = ZBEFEOp + 5B, (3)
for £ € (~1,0) and £ € (0,1), and the boundary conditions
p(£1) =p* = f* - F*. (3.7
Since f* and F* are Maxwellian states, (3.5) imposes the restriction
b(F*)-p* +Q(p*) =0 (3.3)
on the data p*, and that in turn implies
B(F*)p* + 3 B(p*)p* = 0. (39)

Our strategy for proving existence is to use a continuation argument on the set of data
f* for which (P.) admits a solution. Any constant Maxwellian is a trivial solution of
(P.), corresponding to data with f* = f~, and can serve as a point of departure for
the continuation argument. The key ingredients are: Lemma 1.5 and showing that for
prescribed F(£) and f* with f* — F* sufficiently small a solution of (3.6-3.7) exists. This

second objective is pursued here.
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We seek for solutions of (3.6-3.7) as fixed points of the map that carries a continuous
function P = (P;, P, P;) with boundary values P(+1) = p*, to the solution p = (p;, p2, ps)

of the boundary value problem

A = SB(F(€))p + —B(P(6))P(€)
€ 2e (3.10)

p(*1) = p*.

The study of this map is based on properties of linear boundary value problems near the

regular singular points £ = 0, £1, that are developed in the following subsection.

§3.1. The linearized boundary value problem

Consider the singular, linear, boundary value problem
, 1 1
AP = -B(F(p +-G(§) , -1<&<1, (3-11)

p(*1) = p* . (3.12)

The matrix B(F(£)) is defined in (3.2) and has Holder continuous entries on [~1,1] with
exponent a., while G = (g1,92,93) is a continuous vector valued function on [—-1,1]. The

boundary data p¥ are assumed to satisfy

B(F*)-p* +g91(+1) =0
(3.13)
B(F=)-p +g2(~1) = 0.

Note that the boundary value problem (3.10) fits into this framework with G = $ B(P)P,
and that relations (3.13) reflect the restrictions imposed by (3.8).

Our goal is to study the solvability of (3.11-3.12) subject to (3.13), and to establish
estin-tes for the solution p in terms of the data G and p%. For the estimates we use the
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sup-norm || - || for scalar or vector-valued functions (depending on the context). The results

are summarized in the following Fredholm-alternative type of theorem.

Theorem 3.1. Assume the boundary data p* satisfy (3.13). Then,
(i) the boundary-value problem (3.11-3.12) admils a unique continuous solution on [—1,1]
for any data p* compatible with (3.13), if and only if the only continuous solution of the
homogeneous problem

A©) = ZBF©)p -

p(£1)=0

18 the trivial solution p = 0.
(i1) If the only continuous solution of (3.14) is the trivial solution, then the solution p of

(3.11-3.12) satisfies

sup |p(§)] < C( sup |G(E) +Ip™|+1p7) - (3.15)
£€(-1,1] £€[-1,1]

Proof. The proof is long and will be established in four steps. The main obstacle is the
presence of singularities at £ = —1, 0 and 1.
The first two steps are preparatory in nature and concern the behavior of solutions in

the neighborhood of one singular point. It is expedient to consider the auxilliary system
n) 1 p 1 1
1
a©(7) = 280(%) + 2@ + 1HO (3.16)
P2 € 2 € €

€9 = ~20(E)ps + 28(6) - (pr,p2) + TH(E) (3.17)

taken on the interval [0, %] under the list of hypotheses: a is a nonsingular continuous

matrix on [0,3], B a continuous matrix, v = (71,72), 6§ = (61,62) and H = (hy, h2)
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continuous vector-valued functions, k is a continuous scalar-valued function, and ¢ > 0 is

a Holder continuous, positive, scalar-valued function.

Step 1. Behavior of solutions near a singular point.

It is well known that for a linear homogeneous system of nonsingular ordinary differential
equations the solution operator is an isomorphism in the Euclidean space. We proceed to
study the analog of this result for a singular system with the structure of (3.16-3.17).

In preparation, consider (3.16-3.17) supplemented with the initial-boundary conditions
P1(0) = p1o , p2(0) = p2o , p3(a) = paa , (3.18)
where the last condition is applied at some intermediate point a € [0, 1]. We show:

Theorem 3.2. It a 1s sufficiently small, there ezists a unique continuous solution of

(3.16-3.17) that admits the data (3.18). It satisfies
©(0)p3(0) — ¢(0) - (p1(0), p2(0)) = h(0) . (3.19)

Proof. We apply the contraction mapping theorem to an equivalent integral formulation
of (3.16-3.18).

Let ¥(£) be a fundamental matrix solution for

]
) 1 5 (ql)
= -«
(%) = zo0s0 (%
with ¥(0) = I. The variation of constants formula applied to (3.16) implies

(2) = %) (ZZ) + %‘I’(f) /0'E p3(8)¥~1(s)a"(s)v(s)ds

1

) (3.20)
- “1(s)a~t(s)H(s)ds .
+390 [ ¥ @a () H )
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The repredentation formula (5.5) in the Appendix, applied to (3.17), yielda

¢

1
lflv’(") ! = dath =1 w§) —wia)
bl e M) (prapa)ae ¢ s (3.21)
Letwn [* A 1€ - a)
+ =&Y hia)a ¢¥ ¢ TEM
# £

where in this cane

wor= b [0 )
£ Ju 5

The integral equations (31.20-3.21) provide an equivalent fovmutation for the problem con

aiating of (3.16-3,18),

Next, et

£
V() = ‘p(f)/ B W) T ) H ()l
0
.. -
..(() = ‘ffv‘(m / h(‘,j)’,‘"'}'».ﬂ(ﬂ)-“l‘,,wl!.’)f--wm)‘h’i
e
ated detine the mapa T and S, on spaces of continuous funetions, an followa:
(1) The map T earviea the pair of continuons funetiona (Py, 1Y) to py given by
£\ 0e) - w
pa(§) = m..(;)”?“”ﬂ““’ win)y
et Q] " = 3@ 1w )~ wita) 1
t e M) (Py(a) Py(a)) a7 e e ta + ~o({)
[4 ( £
I (M ), (P, Py) ave two paies of continnoun fanetions and py = T(PL By, By =

T(Dy, Py) their renpective images, then

" e
(M - PaE) = gbvm / 8+ (U7 = P (1 = Pa)a)) vt ewtd-wta
[
£

and n derivation in the spirit of Lenuma 8.1 indicates that the map T antinten the eatimate

oy = Ball < AP = Pull + 11 = Pall (3.24)
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(if)

where || - || stands for the C[0, a] sup-norm and the constant C is independent of a.

The map S carries the continuous function P to the pair (p;, p;) defined by

() = %@ (22) + 2aco) [ eor-tn~tonmtons + 2o,

If now P; and P; are two continuous functions and (py,p;) = S(Ps), (1,5;) = S(P3)

their respective images, then

_3 ¢ _
(2 22) = 0@ [ - Pao¥~ (90~ (51,

2 = Do

and it follows easily that the map S satisfies the estimate
Ilpy = Bl + llp2 = B2 |l < Cal|Ps — Py (3:24)

with the constant C independent of a.

Combining (3.23) with (3.24) we see that the composite map

SoT:C[0,a] x C[0,a] = C[0,a] x C[0,a]

is a contraction, provided that a is sufficiently small. Therefore, S o T admits a unique

fixed point which is a solution of (3.20-3.21). Finally, (3.19) follows from relation (5.7) in

the Appendix. g

Consider now the homogeneous system of (3.16-3.17) with H =0, h = 0. Let ¢(1), ¢(2)

and @(3) be the solutions corresponding to the choices of data (pio,p20,p3a) equal to

(1,0,0), (0,1,0) and (0,0, 1) respectively. Then ¢(1), ¢(2), é(3) form a fundamental set of

solutions for the homogeneous system (3.16-3.17). They also enjoy the properties:
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(a) For £ # 0 the vectors ¢(1)(£), ¢(2)(£), ¢(3)(§) are linearly independent.
(b) For £ = 0 the vectors ¢(1)(0), #(2)(0), #(3)(0) are linearly dependent and span the
two-dimensional space defined by (3.19) for h = 0.

The general form of a fundamental matrix for the homogeneous (3.16-3.17) is given by

[81) d(2) 9(3)]5

where each ¢; is a column vector and S is a nonsingular constant matrix. From the form
of the general fundamental matrix, it follows that any fundamental set enjoys properties
(a) and (b).

Step 2. An a-priori estimate

Let now p = (p1, p2,ps) be a solution of (3.16-3.17) on (0, 1] (not necessarily defined at

€ = 0), and introduce the notation r; = pj(%), 7 =1,2,3. We show

Lemma 3.3. The solution p can be extended to a continuous function on [0, 3] that

satisfics (3.19) and the estimate

3 .
lpll < € (3 Irsl + IE) + 1A (3.25)
=1
where || - || stands for the (vector or scalar) sup-norm on [0, 1].

Proof. The variation of constants formula yields from (3.16)

- 1/2
Gi) N W(E)\pdl(%)(r;) - %‘I’(Q/E p3(s)¥ " (s)a  (s)y(s)ds — %U(s) . (3.26)

where

1/2
U(€) = ¥(€) /E 1 (s)a~ (s)H(s)ds . (3.27)
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From (3.26) we obtain

1/2
P (€)] +Ip2(©) S O 1ml + ol + [ Ios(o)ds + 10C@)) -

Next, (3.21) gives for a = 1

p3 = r3(2£)%v(0)ew(5)—w(%)+
+ ;1:.5599(0) /% 6(s) - (pl’m)s-%v(o)—l e (&) ~-wls) s 4 %u({) ,
3
where
u(€) = gee(0) /% h(s)s—%v(o)—lew(é)—wh)ds .
£
Using the estimate

_l_ff 2(¢)-¢(0)
. 3

eW(O)—w(s) _ o= _:.foi |wngwgoz

d<<e |dc<C
- — ?

the inequality

.

%ﬁP(O)‘/i s—eO-14 < _E
‘ ¢ ~ ¢(0)

and (3.28), we deduce

IP3(€)] < C(Irsl + [u(§)]) + €& /E Y(Ipa(3)] + Ipa(s)])s™ O 1 ds

3
<C( X Il + lu(e)l) +
Jj=1
1 1
Cee#(0) ’ : de)s—re(0-1y
+eet [7( [T o) s
+ C'.f?l“’(o)/-i |U(s)|s_%"’(°)'lds
£
3 }
< C(er,-l + Ul + ||u||) +c/€ Ipa({)ldC .
=1
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Gronwall’s inequality then implies

. (3.32)

DN |

3
P&l < (X Il + IVl +ull) , 0 <€ <

=1

Therefore p; is bounded and thus p;, p, are Lipschitz. Lemma 5.1 then implies that p3(¢)
has a limit as { — 0+ and the limiting functic. satisfies (3.19). As a matter of fact,
Lemma 5.2 implies that p; is Holder continuous on [0, 3] On account of (3.28) and (3.32),

we obtain
3

PO+ Ip2(&) < C (D Irsl + 1T+ lhull)

i=1
Finally, (3.27), (3.30) and (3.31) imply

Wil < ClIA], llull £ CllAl
and the proof is complete. g

Step 3. The singular system (3.11)

From now on we focus on the system (3.11). First we explore the relation between (3.11)
and the auxilliary system (3.16-3.17) studied in Steps 1 and 2. Clearly, the latter captures
the local structure of the former in a positive neighborhood of 0 and thus describes the
behavior of solutions to (3.11) as £ — 0+. More is true: (3.16-3.17) captures the local
structure of (3.11) in the neighborhood of each of the singular points, not only as { — 0+
but also as £ — 0—, as £ —» 1- and as § — —1+4+. To see that, consider a solution
(P1(€), P2(€), pa(€)) of (3.11) and suppose we are interested in the behavior as £ — 1—.

Performing the change of variables £ = 1 — (, we deduce that the triplet

(q1(€), 92(€), ¢3(€)) = (p2(1 = (), p3(1 =), P1(1 = ())
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satisfies for 0 < ¢ < 1 a system of the form (3.16)-3.17) with ¢(¢) = F2(1—-¢) > 0 and a(()
a nonsingular matrix on [0, 1]. Lemma 3.3 implies that p can be extended to a continuous

function as £ — 1—, that the limiting value satisfies
Y F(+1)) - p(+1) + 91(+1) =0,

and that p can be estimated by

3
1
p(é)| < C lpj(+2) + |IG(&)]) -
i D01 < C( L lpit+3)l + . 1GO))

Similar statements follow from analyzing the behavior as £ — 0— and as £ — —1+4. They

are summarized below:

Corollary 3.4. Let p be a solution of (3.11) on (—1,0) U (0,1). Then p can be extended
to a function that is Holder continuous on each of the intervals [—1,0] and [0, 1] (though
not necessarily continuous at £ = 0) and which satisfies:
(i) At the singular points the conditions
Y(F(+1)) - p(+1) + 1 (+1) =0,
B(F(=1)) - p(=1) + g2(~1) = 0, | (3.33)
b(F(0)) - p(0+) + g3(0) = 0.

(i1) The estimates

3
lplle < C(3 Irisl +1GI2) (3:34)
=1
where rjx = pj(£3), j =1,2,3, || - ||+ stands for the sup-norm on [0,1] and || - l|- for

the sup-norm on [-1,0].
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Consider now the homogeneous system (3.11) with G = 0. Choose a suffiently small and
assign data for (p;(0), p2(0), ps(a)) equal to (1,0,0), (0,1,0) and (0,0,1). From Theorem
3.2, we obtain a fundamental set of solutions ¢:‘l), ¢('g), ¢E§) on [0,1]. On account of (3.33)

the functions qS:;.) take boundary values satisfying
b(Fi)- ¢, (+1) =0, y(F(0)) - 6¢,,(0+) = 0. (3.35)
Similarly, by assigning data for (p1(0), p2(0), p3(—a)) equal to (1,0,0), (0,1,0) and

(0,0,1) we construct a fundamental set of solutions ¢(_1), ¢('2) and ¢(_3)’ respectively, on

(—1,0]. The boundary values of these functions now satisfy
B(F-)- $3(~1) = 0, B(F(0)) - 5;(0-) =0. (3.36)
By their construction and (3.35), (3.36),
8(1y(0+) = 6(,,(0=) , 6%5,(0+) = 85,,(0-) , ¢;,(0+) = ¢3,(0—) = 0. (3.37)
Next, we turn to the inhomogeneous system (3.11) and construct a particular solution
¥+ on [0,1] by solving (3.11) subject to the initial condition P+(+3) = 0. Note that the
resulting solution ¥* is bounded, continuous and takes values at £ = 0+, +1 satisfying

(3.33). Similarly, we construct a particular solution ¥~ on [—1, 0] which satisfies = (—3) =

0 and the conditions (3.33) at £ = —1,0~—. Corollary 3.4 and the construction also dictate
l¥* I+ < ClIGI+, ¥~ II- < ClIGII- . (3.38)

The general solution of the inhomogeneous system (3.11) is given by

a16(y(§) + a28(;)(€) + azd) () +¥7(§) , —1<£ <0
p&) = (3.39)
bidy(€) + b2y (€) + bady (E) +9F(6), 05 €<
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with a;, a3, a3, by, by, by arbitrary constants.

Step 4. The singular boundary-value problem (3.11-3.12)

The boundary conditions (3.12) imply
a19,(=1) + a2¢5,(-1) + a3d 3, (1) = p- - ¥~ (-1),
(1) (2) (3)

bl‘b?;)(‘*'l) + bz¢?;)(+1) + bs¢?'3)(+1) =ps — P (+1).
On the other hand, the requirement of continuity p(0+) = p(0—) = po dictates
a163,(0-) + a2633,(0-) + asd 3 (0-) = po — ¥=(0-) ,

Bigliy(0+) + b2d s (0+) + bsd s, (0+) = po — H¥(0+) .
In view of (3.37), it is equivalent to solve the inhomogeneous algebraic system

al¢(—l)(_1) + 02(}5(—2)(—1) + 03¢(-:;)(—1) =p_ -9y~ (-1),
(a1 = b1)9;,(0—) + (az — b2)8(3)(0-) = ¥ (0+) — p=(0-) ,

bigt (+1) + b2y (+1) + bad s (+1) = py — b (+1) .

(3.40)

This is a system of nine equations in six unknowns. However, because of (3.33) applied

to the functions ¢+, ¢, the relations (3.35-3.36) and the compatibility conditions (3.13),

at most six equations are linearly independent. Solvability of (3.40) for any choice of the

data p4 is equivalent to the homogeneous algebraic system having only the trivial solution,

which is in turn equivalent to the homogeneous problem (3.14) possessing only the trivial

solution p = 0 in the class of continuous on [-1, 1] functions. This completes the proof of

part (i) of the theorem.

To prove part (ii) observe that, if the homogeneous (3.40) has only the trivial solution,

then the solution (a;, az, a3, by, b2, b3) of the inhomogeneous (3.40) satisfies the estimate

3
D lajl + 16 < Cllp- — ¥~ (=Dl + [ (0+) =¥~ (0=)[ + [+ — ¥+ (+1)I] -

i=1
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Moreover, evaluating (3.39) at § = :i:%, we deduce
3 3
Y el # 1=l S C Y lajl + 18] - (3.42)
=1 1=1

Finally, combining (3.34) with (3.41), (3.42) and (3.38), we arrive at (3.15). g

§3.2. The nonlinear boundary-value problem
Next, we study the solvability of (3.6-3.7). Recall that ¢ > 0 is fixed, F(£) is a given

solution of (P,), while the data p¥ satisfy the restriction (3.8). We show:

Theorem 3.5. If the only continuous solution of (3.14) 3 the trivial solution p = 0, there
ezists a positive constant r such that for any data satisfying (3.8) and |p*| + |p~| < r the

boundary-value problem (3.6-3.7) has a solution.

Proof. Since our proof will rely on the contraction mapping theorem first define the closed,

bounded subset of the continuous furictions
A ={P € C[-1,1]: P(+1) = p*, ||P|| < m}

where || - || stands for the sup-norm and m is a positive constant. Consider the map F
that carries P € A to the solution p of the boundary-value problem (3.10). In view of the
Theorem 3.1 and the compatibility conditions (3.8) the map F is well defined.

Our goal is to show that upon choosing m and r sufficiently small the malp F:A- A
and is a contraction. The resulting fixed point p € A will then be the claimed solution.

To accomplish that, observe that (3.15) implies

Ipll < Cp*1 +Ip71 + I B(P)PI)
< Ki(lp*1 + lp7 [+ I1PI*) < Ka(r +m?).
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On the other hand if P, P € A and p = F(P), p = F(P) then using again (3.15) we

conclude ) )
llp -3l < CI|§B(P)P - §B(ﬁ)ﬁll

< Kx(||P|| +IPID|P - P|| < 2K2m||P - P .
Choosing m < min{4~, 37—} and then r < 7, we see that ||p|| < m and that F: 4 — A

is a contraction. =

§3.3. Nonexistence of eigensolutions
In order to apply Theorem 3.5, we need to check that the homogeneous boundary-value

problem (3.14):
~(6 = 1)ph = THF(©) p

5(F(£))-p (3.43)

™| =

—(§+1)p; =
p) = —5-b(F(©))
pP3 = 26 p
with boundary conditions p(+1) = 0, does not admit any nontrivial continuous eigen-
sclutions. We have been unable to do that for a general solution F(£) of (P.). (Note
however that such a result is true in the case of the Carleman system; see the next Sec-
tion.) Nevertheless, it is possible to rule out eigensolutions for certain classes of F(¢),

namely:

Lemma 3.6. In either of the cases:
(a) F(€) is a constant Maxwellian state, or
(b) Q(F(§) 20 for £ € [<1,1],
the homogeneous problem (3.14) possesses only the trivial solution p = 0 in the class of
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continuous functions.

Proof. The proof is based on an energy identity for solutions of (3.43). Multiplying the
first equation in (3.43) by F,p;, the second by Fip,, the third by 4F3;p; and adding the

resulting equations, we obtain
. 1 5\! 1,y 1 ,\' 1
~(€ -V (5pt) ~ €+ DR (5) - %R (58) = —Z0(F)-p)
Integrating by parts and using (0.16), we arrive at

1 1 d 1 '
_f(Fz-z-pf + F1 §p§ + ‘..)ngg) + (F2§p1 Fl .)pz)

(3.44)
1 1-¢ E+1 1 1
+ 2P (ot + g art +ad) = -0 o)

We integrate (3.44) over [~1,1] and use the continuity of p at £ = 0 and the boundary

conditions p(+1) = 0 to conclude

' 1
\5F2p? +3Fips + Z'Fsp§)d€+

/Q( G + s + ) + (P P = 0.

Since F is a solution of P., the functions Fj are strictly positive. Thus, in either case (a)

when Q(F) = 0 or (b) when Q(F) > 0 it follows that p; =p, =p3 =0on [-1,1]. g

Remark. Both conditions (a) and (b) are stated in terms of the unknown solution F' of
(Pc). However, since the shapes of the functions F; necessarily fall under one of the cases
C: — Cs, it is possible to identify hypotheses on the boundary values F' ji implying that
either (a) or (b) holds. Specifically:

(i) Condition (a) is equivalent to F|” = Fj’, 71=12,3.
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(i) If Fy < Fft, F; > F;" and F; = Fy then Condition (b) is satisfied.

§3.4. Existence theorems for (P.)
We conclude this Section by stating two existence theorems for (P, ), which follow from

the preceding analysis. The first applies to data that are close.

Theorem 3.7. There is a v > 0 so that if ft,f~ satisfy (M) and |f*Y — f~| < r, the

boundary-value problem (P.) has a solution. The parameter r may depend on €.
Proof. Take F(£) = f~ and use Lemma 3.6 part (a) and Theorem 3.5. g

In this context the region of solvability may depend on € and thus disintegrate as ¢ | 0.

We next present a class of data for which this possibility is ruled out.

Theorem 3.8. Let f* satisfy (M) and fT < fi, f; > fF, fi = fi. For anye > 0 the

boundary-value problem (P.) has a solution.

Proof. A continuation argument is used. With the parameter u € [0, 1] let

N g fif _
FW =5 W= (a1 et )
Observe that Q(f+(w)) =0, f*(0) = £, f*(1) = * and

W) <fHw, > Fw, ffW=FfW,0<usl,

Define

C={u€l0,1]:(P.) with data f~(u), f*(p) has a solution } .
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Clearly 0 € C. Furthermore:
(i) C is open.
0 is an interior point of C (in the relative topology), by Theorem 3.7. If now u € (0,1)NC
let F), be the corresponding solution of (P, ) and consider (3.6-3.7) for F = F,,. By virtue
of Lemma 3.6 part (b) and Theorem 3.5 this boundary-value problem has a solution.
Therefore, p is an interior point of C.
(1) C s closed.
This is an immediate consequence of Lemma 1.5.
We conclude that C = [0,1] and in particular the boundary-value problem (P.) with data

f* has a solution. g

We emphasize that while the existence of solutions part requires the extra assumptions
fr <t fa 2 £, f = ff, the fluid-dynamic limit part (Theorem 2.1) imposes no
restrictions on the data, aside from the natural requirement that f* and f~ are strictly
positive Maxwellians.

It is also interesting to see that the special data in Theorem 3.8 cannot be associated
with a nontrivial travelling wave solution as described in §0. The reason is simple. From

(0.4) we see a travelling wave would have to satisfy the limiting conditions

~s(fi+ foHaf) + (- f)|,__ =0,

oo
—s(fi- )+ i+ )|, =0.
For the data of Theorem 3.8 this would imply fi” = fi, f5 = fi, fi = fif which yields

an everywhere constant solution to (0.4).




§4. The Carleman model

The Carleman model of the kinetic theory of gases consists of the system of semilinear

hyperbolic equations

-

(4.1)
0 a 1
S L B,

It describes a system of two kinds of particles moving with velocities +1 and —1 respectively
and colliding according to a nonphysical collision rule. As a model in kinetic theory it has
serious defficiencies; it conserves mass but not momentum. Nevertheless, the Carleman
model has generated some interest, because it enjoys part of the structure of the Broadwell
system and it allows for rigorous passage to the hydrodynamic limit Kurtz [11]. (See
Platkowski and Illner [12] for additional references and a discussion of relevant results).
In this section we explore the ideas of self-similar hydrodynamic limits for the case of the
Carleman model.

As before, a modified version of the Carleman is considered, admitting solutions of the
form £(€) = (f1(€), f2(€)), with € = £, for Riemann data f~ = (f{, f5 ), f* = (fF, 7).

In the variable £ the system under consideration reads

~(€-Dfi = Q) (42)
~(€+1fs = ~2Q()
(4.2)
f(£1) = f*,
where Q(f) = fZ — f2. The data are assumed positive Maxwellians
fE f5>0 , QUFT)=Q(Ff) =0. (4.4)
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We refer to this problem as (R.).

- Our goal is to present a case where the analysis is simple and can be carried out com-
pletely, with no further restrictions on the data. Most of it parallels the analysis presented
for the Broadwell model, and our exposition will be sketchy only emphasizing the differ-

€ences.

Definition. The pair f(£) = (fi1(£), f2(€)) defined on [-1,1] is a solution of (R.), if

f € C[-1,1]nCY-1,1), f, € C[-1,1]NCY(-1,1] satisfy for &, &2 € [—1,1] the integral

equations
€2 §2 1 ré
~€=DA| + [ A =2 | QU
51 Elfz ].El 13! (45)
~€+DA| + | Al ==2 | QUM

and the boundary conditions f;(£1) = f]i, j =12

Theorem 4.1. For each pair of positive Mazwellian data f~, f* and for each e > 0
the boundary value problem (R.) has a solution. The solution f is Holder continuous on

[-1,1] with ezponent a. (Lipshitz continuous for € < eo(f¥)).

Let now f¥ be fixed and consider a family {f*}.>o of solutions to (R,). The functions
f¢ are extended to (—o0,00) by setting f© = f~ on (—oo0,—1) and f¢ = f* on (1, 0).

The extended functions are called again f¢ and satisfy (4.5) for &1, &2 € (—o0, 00).

Theorem 4.2. Let {f*}.>0 be a family of extended solutions of (R.) taking fized, positive
Mazwellian data f£. There ezists a subsequence {f~} with e, — 0 and a positive, bounded
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Junction p(€) such that

( 258) -3 (Z%) for a.e. £ € (~00,00) (4.6)

The function p(£) is a weak solution of
2fT <0
Gp=0, p(z,0) = ;
2ft >0

that is

2f7 z<0,t>0
T
A7) = :

2f* £>0,t>0
Proof. The strategy for proving Theorems 4.1 and 4.2 is analogous to the Broadwell case.

The proof is decomposed in three parts.

Part 1. A-priori estimates
Let f be a solution of (R.). Using (4.5) it follows that Q(f(—1)) = Q(f(+1)) = 0. Since

Q(f) satisfies the differential equation

d _2/f208) fu()
d_gQ(f) = g(m - Tl_—E)Q(f) , (4.7)

either Q(f) = 0 on (-1,1) or it never vanishes. Hence, the shapes of the components
fi, fa2 are restricted as follows:

Ci: Q(f) >0o0n (-1,1). Then f; and #; are both increasing on (—1,1).

C2: Q(f) <0o0n(~1,1). Then f; and f, are both decreasing on (—1,1).

Ci: Q(f) =0o0n (—1,1). Then f; and f, are constant functions.
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As a consequence, for £ € [-1,1]

min{f;, ff} < fi Smax{f;, ff} , i=1.2
(4.8)
TVS =1ff - £ , i=12.

Next, an argument similar to Lemma 1.3 shows that there are expenents pe, 1 < p. < oo, ’

and positive constants C¢ such that
Ifille £Ce , §=1,2. (4.9)

The exponent p. depends on f¥* and ¢, it is increasing as ¢ decreases, and there is ¢ =
eo(f%) > 0 so that for € < ¢ the exponent p, = oo. It follows from (4.9) that solutions of

(R.) are Holder continuous (Lipschitz continuous for ¢ < &).

Part 2. The fluid dynamic limit

Let {f®}.>0 be a family of extended solutions to (R.) corresponding to fixed, positive
Maxwellian data f*. By (4.8) and Helly’s theorem, there exists a subsequence {f~} with
€n — 0 and a function f = (f1, f2) with positive, bounded components f;, f2 of bounded
variation such that fé» — f pointwise on (—o00, 00). Clearly, f(§) = f~ for £ € (—o0, —1}
and f(§) = f* for € € [1,00).

The members of the sequence {f*"} satisfy the identities

-E( 1" +f2‘")' + ( ;= ;")' =0 (4.10)
—E( renfin +f;"enf;")'+ ( [renfin — ;"enf;n)' =

= _:21;( 2 = f52) (enfir? - enf3e)

(4.11)
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Identity (4.11) is obtained upon multiplying the first equation (4.2) by (1 + ¢n fir), the
second by (1 + ¢nf;") and adding the resulting equations.

Fix now {1, §; € [-1,1] and combine (4.11) with the uniform bounds (4.8) to obtain

—enC < —/: (£2 - £5%) (€nff"2 —tnfgn?)de

e [ (5 so.

and upon passing to the limit ¢, | 0

&2
A (fi = f2)’dE=0.

We conclude f, = f, for a.e. £ € (~o00,00).
Next, set p = fi + f2. Passing to the limit in (4.10) we see that —£p' = 0 weakly.

Therefore p(%) is a weak solujtion of

2f~ z<0

Op=0 , p(z,0)= { . (4.12)
2f* >0 :

The solution of (4.12) is given by

p=p(§)={

Remark. It follows from (4.6) and (4.8) that for any 1 < p < oo

( ;) 5 % (Z) in L2 (—00,00).

As a matter of fact, since the limiting function p is characterized as the unique solution of

2f— z<0,t>0’

2f* £>0,¢>0.

(4.12), the above convergence holds over the entire family {f*}.>0 as ¢ — 0+.
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Part 3. Ezistence theory for (R.).

First, we introduce some notation. Let b(f) = (—=2f1,2f2) and define the matrices

_|--1 0 _[—2A 2f
G AR B R o A
Then Q(f) = 3b(f) - f and (4.2) may be written as
A©F = 5-B(f . (41

Let F = (F1, F;) be a given solution of (R.) defined on [~1, 1] and taking boundary val-
ues F(£1) = F¥* positive, Maxwellian states. By (4.9) the solution F is Holder continuous.
Any ncarby solution f may be written as f = F + p, with the perturbation p = (p;,p2) a

continuous function satisfying

A@©)P = ZBF©)p + 5-B()p

€ (4.14)
p(£1) = p*
and p* = f¥ — F£, Since f* and F* are Maxwellians
b(Ft)-p* +Q(pt) =0. (4.15)

The first step in proving Theorem 4.1 is to show the following analog of Theorem 3.5.

Theorem 4.3. If the only continuous solution of the homogeneous boundary-value problem

A@©F =2 B(F(©)p,
(4.16)

p(£1) =0,
is the trivial solution p = 0, then there ezists a positive constant r such that for any data

satisfying (4.15) and |p*| + |p~| < r the nonlinear boundary-value (4.14) has a solution.
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Proof. The proof is long, but it follows the same steps as the proof of Theorem 3.5 being
just easier. We only give a rough sketch here.

First, one analyzes the singular linear boundary-value problem

A@©F = ZBFEp +£G(©),
(4.17)
p(£1) =p*,

with p* subject to the restrictions
FY)-pt +g1(+1) = =b(F~)-p~ +g2(~1)=0. (4.18)

It turns out that (4.17) admits a unique solution for any data pT subject to (4.18) if and
only if (4.16) possesses only the trivial solution p = 0. Moreover, in that case the solution

p of (4.17) can be estimated by
Ipll < C(lp* |+ o1 +1IG1) (4.19)

where || - || stands for the sup-norm on [-1,1].
Next, one applies the contraction mapping principle to a map carrying P to the solution
of (4.17) with G =  B(P)P. Given the estimates (4.19), the proof of this part is identical

to the proof of Theorem 3.5. The resulting fixed point is the solution p of (4.14). g
The second step is to show:

Lemma 4.4. The only continuous solution of the homogeneous boundary-value problem
(4.16) is the trivial p = 0.
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Proof. Suppose that p = (p;, p,) is a nontrivial eigensolution of

~(€ ~ 1%, = ZH(F(E) - p,
1 (4.20)
—(€+1)py = —=¥F(§) -p,

with p(+1) = 0. Then p also satisfies

[(1=&pr = (€ + po]' + (p1 +p2) =0,
and integration over any [a, ] C [-1,1] yields
b
(1= Dpi(8) = (1= Jpa(@) = (6+ D) + (e + Vpata) + [ (1 +pa)dE = 0. (421

Consider the curve v : p = (p1(€),p2(€)), € € [-1, 1], that describes the solution in the
state plane py — p;. Since (0,0) is an equilibrium, 4 only meets the origin at the singular
points { = £1. The vector field in (4.20) vanishes only on the lines Fi(&)p1 — F2(&)p: =0
lying in the first and third quadrants. This, together with the form of (4.20), implies that +
may only cross the positive p;-axis going from the second to the first quadrant, the positive
pi-axis going from the first to the third, the negative pz-axis from the fourth to the third,
and finally the negative p,-axis from the third to the second. There are the following, not
mutually exclusive, possibilities to consider: (i) 7 crosses the positive py-axis, (ii) ¥ crosses
the negative p-axis, and (iii) v starts and concludes at the origin without crossing the
p2-axis.

Case (i): Suppose that p crosses the positive py-axis at £ = a. Then pri(a) =0, p2(a) > 0.
Also, the curve v will either cross the positive p;-axis at some £ = b, or it will wander
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around in the first quadrant concluding on the origin at £ = b = +1. In either case
p1(d) >0, p2(b) =0 and py(€) > 0, p2(€) >0 forra < € < b. Identity (4.21) then leads to
a contradiction and that excludes case (i). Case (ii) is similarly excluded by applying the
same argument to (—p), which is again a solution of (4.20).

We conclude that v starts and concludes at the origin without crossing the p;-axis.
Without loss of generality we may assume that the curve v lies on the right half plane;
otherwise replace p by (—p) as before. Since pj(—1) = p1(+1) = 0, the mean value theorem
and (4.20) imply there exists § € (—1, 1) such that F\(8)p1(8) = F2(8)p2(6). At 8 the curve
v lies in the first quadrant. In view of the form of the vector field in (4.20), the curve v
starts at the origin at £ = —1, lies in the first quadrant thereafter up to at least { = 6,
and then either escapes to the second quadrant at some point £ = b, or it concludes at
the origin at £ = b = +1. In either case, p1(6) > 0, p2(6) = 0 and p1(€) > 0, p2(€) > 0
for -1 < € < b. Applying (4.21) with @ = —1 and b as above, we arrive again at a

contradiction. Therefore, p=0on [-1,1]. g

The last step in proving Theorem 4.1 is to use a continuation argument. Let f~
(fi f7) fr = (f{",f;') be positive Maxwellians, that is ff,f{,fi",f;' >0and fi =

7 1= f3. For p € [0,1], set
fF)=fF, ffw=Ff"+u(f*-17),
which are also positive Maxwellians. Consider the set

C = {u €[0,1] : (R,) has a solution taking data f~(x), f*(u)} -
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Then 0 € C and, by virtue of Theorem 4.3 and Lemma 4.4, C is open.

We proceed to show that C is closed. Let {u,} be a sequence of points in C such
that pn — po. Suppose that f#» are the corresponding solutions of (R.) admitting data
ft(pn) and f~(pn). On account of (4.8) and (4.9), the sequence {f#~} is precompact
in some Holder space. Therefore a subsequence converges to a limiting function f#°, and
a straightforward argument shows that f#° is a solution of (R.) taking data f*(uo) and
f~(10). Thus C is closed.

We conclude that C = [0, 1] and the proof is complete. g

§5. Appendix: A linear singular equation.

We record here certain propertics of the equation

=£p' + ¢(§)p = h(§) (5.1)

that are used in the text to study the behavior of solutions near singular points. The

equation is taken in the interval 0 < £ < a with a < 1. The objective is to investigate

regularity properties for solutions, and to study the map that carries h to p.
Throughout, the functions ¢ and h are assumed at least continuous on [0,a] with ¢

subject to the restrictions:

PR AL-CECLIP )

The latter assumption is, for instance, satisfied if the function ¢ is Hélder continuous.
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Use of an integrating factor shows the solution of (5.1) on (0, d] is given by

p(§) = pla)e” Josac o J s ac /e @ eJ. 4 g (5.2)

Next, certain convenient expressions for the solution are derived. Observe that

J(€) = ‘faﬂtg“‘? = (= )4’(0) w(§)=w(a) (5.3)

a

where w is defined in terms of the convergent (due to (H;)) integral
0
w(E) / ¢(C) 90 4 (5.4)

On account of (5.3) and (5.4), p may be written in the form

¢0 W -—wi(a [S] N -— -_— —wis
p(§)=p(a)(-§—) (O gwe)-wla) 4 g(0) “)/ h(s)s~¢(O~1 g—wls) g5 (5.5)
§

An alternative formula for p is obtained by combining (5.5) with the identity

a .
/ s HO=1 =wls) 4o _
3

_ 1 [a—¢(o) e_w(a) _ £—¢(0) e—-w({) + /a 3"4’(0) e—w(s) M ds] .
$(0) ¢ °

It reads

k(0)

h(0) )40 (o) —u(@)
PE) = 5y * [P~ ) ()¢
+£4© /€ h(s) — ) h(0) $=8(0) (w(®—wl(s) g
_ 60 : Zgg; (20 - $(0)) -4(0) gut@1=wt) g (5.6)

Formulas (5.5) and (5.6) serve as starting points to produce various estimates for solutions
of (5.1).
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Lemma 5.1. Let ¢ and h be continuous functions on [0, a] satisfying (H;). Then
Jim p(€) = h(0)/4(0), (57)
p is continuous on [0, a] and satisfies the bound

1(E) ™ | < |p(a)e™® | + —— sup [h(s)e=() . (59)
¢(0 0<s<a

Proof. Hypothesis (H,) implies that w(§) — 0 as £ — 0. Then L'Hopital’s rule shows

. fea h(s)s—d’(o)—l e—u(s) ds 1 . —w(€)
Lim =) = 3(0) im h(§)e = h(0)/#(0),

which together with (5.5) implies (5.7).

Next, combining the estimate

a
p(&)e | < Ip(a)e""(“)|+oiug |h(s)e™)] (%) /e s~ ds),
sL3&a

obtained directly from (5.5), with the formula

60 [* —e0-1 45 = L (1 _(£/a)o©®
40 [ 57001 ds = 2o (1 (€/a)*)

we deduce (5.8). g

The next task is to relate the modulus of continuity of ¢ and & at £ = 0 with the modulus
of continuity of the solution. To this end, assume that for some 0 < 8 <1land 0 <y <1

the functions ¢ and h satisfy

16(€) — #(0)| << ¢ > €°
(H2)

|h(§) — h(0)| << h > &7
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on [0, a]; here, the symbols < ¢ > and < h > stand for the Holder constants. We show:

Lemma 5.2. Let ¢ and A satisfy (H; — Hz). If 3 =+ =1 and #(0) > 1 then p is Lipshitz

and satisfies the bound

h(0)
¢(0)

Q)

3(0) ) 1€=¢| £,¢el0,q]. (5.9)

|p(€) = p(¢)| € C(a™*O|p(a)— 3|+ < b > +| 2

Otherwise, p is Holder continuous with exponent any 0 < a < ao := min{S,v,$(0)} and

satisfies for £, (€[0, a]

h(0)

_ 4= [1( g
|p(€) — p(¢)| < C( |p(a) - 4(0)

—|+ < +|( | 1€ —¢|*. (5.10)

The constant C depends on < ¢ >, 3, v, a« and ¢(0), but is independent of a in the region

0<a<l.

Proof. In what follows C will stand for a generic contant exhibiting the aforementioned
dependence. First, the terms in the right hand side of (5.6) are estimated. In view of (5.4)

and (Hz)
< ¢>

¢
() —w(s)| S < 6> | / Prdg| = 222168 — 5| (5.11)

Since a € 1, (5.6) and (5.11) imply for 0 < ¢ < a

|p(¢) - h(0)| < |p(a) - h(o)l 5> (.§)“"°’+e%Z <h> (£ /asw—l—d>(0) ds)

¢(0) $(0) a ¢
LS o> IZES;I (£4© /E 1600 gy
<CA £¢(0)( 1+ /l gT—1-94(0) 4 sBf—1—4(0®) ds) ,
¢
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where

|+ <h>+|==% (0)| (5.12)

A:=a"*"|p(a) - 4(0)

¢(0)
Set now ag = min{f,v,#(0)} > 0 and note that 0 < ap < 1. Using the formula for the

evaluation of the integrals

1 £400) |Ing| if a = ¢(0)
#(0) a=1-¢(0) Jo — 5.13
¢ /e ’ ) { ramsron 1690 — €| if o # (0) (&1

we conclude

_h(0) C A&« |In€] if ag = ¢(0)
| < for £ €[0, a). (5.14)

[(§) ~(0) C Agoo if ap < $(0)

The control on the modulus of continuity of p(£) at € = 0 provides bounds on the

derivative. To show that, rewrite (5.1) as

Ep'(€) = ¢(E)p(E) — h(€)

_ ko) h(0) _
30) (4(6) = (0)) +9(0) (p(€) = Zv) = (h(€) — 4(0))
+(4(6) - ¢(0)) (p(6) - Zgg;) (5.15)
and use (H;) and (5.14) to obtain
, C Ae*~|ing] if ag = ¢(0)
FOIS { o htms o oo rEeOd (319

We emphasize that the constant C in (5.16) depends solely upon < ¢ >, 8, v and upper
bounds for $#(0). All other dependences are incorporated in the constant A in (5.12).

We can now complete the proof of the lemma:
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(i) If B =v=1< ¢(0) then ap =1 < ¢(0) and (5.9) follows from (5.16).
(i) In all other cases, fixany 0 < & < ap < 1 and let £, ¢ €(0, a]. Using Holder’s inequality,

we deduce from (5.16)

4
[p(€) - 2(O)] = | /< P(s) ds |

3 L o
< /C Ip(s)| e ds | [ = ¢|°
1-

1 l—a . a
<CA / o (14 |lns|)=5ds| € —¢|. (5.17)
0

Since 1222 < 1, the last integral is finite and (5.10) follows from (5.17) and (5.7). ]
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